
Solve the Loop: Attractor Models for
Language and Reasoning
Jacob Fein-Ashley, Paria Rashidinejad

University of Southern California
Looped Transformers offer a promising alternative to purely feed-forward computation by iteratively
refining latent representations, improving language modeling and reasoning. Yet recurrent architectures
remain unstable to train, costly to optimize and deploy, and constrained to small, fixed recurrence
depths. We introduce Attractor Models, in which a backbone module first proposes output embeddings,
then an attractor module refines them by solving for the fixed point, with gradients obtained through
implicit differentiation. Thus, training memory remains constant in effective depth, and iterations are
chosen adaptively by convergence. Empirically, Attractor Models outperform existing models across
two regimes, large-scale language-model pretraining and reasoning with tiny models. In language
modeling, Attractor Models deliver a Pareto improvement over standard Transformers and stable
looped models across sizes, improving perplexity by up to 46.6% and downstream accuracy by up to
19.7% while reducing training cost. Notably, a 770M Attractor Model outperforms a 1.3B Transformer
trained on twice as many tokens. On challenging reasoning tasks, we show that our model with only
27M parameters and approximately 1000 examples achieves 91.4% accuracy on Sudoku-Extreme and
93.1% on Maze-Hard, scaling favorably where frontier models like Claude and GPT o3, fail completely,
and specialized recursive reasoners collapse at larger sizes. Lastly, we show that Attractor Models
exhibit a novel phenomenon, which we call equilibrium internalization: fixed-point training places the
model’s initial output embedding near equilibrium, allowing the solver to be removed at inference
time with little degradation. Together, these results suggest that Attractor Models make iterative
refinement scalable by turning recurrence into a computation the model can learn to internalize.
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Figure 1 Left: Lambada perplexity versus training FLOPs. Attractor Models achieve strong language-modeling
performance with less compute. Top Right: Attractor Model architecture. A non-recurrent backbone first maps the
input to an initial output embedding proposal, which the attractor module refines by solving a fixed-point iteration
before decoding the (approximate) equilibrium into the final output distribution. Bottom Right: Performance on hard
reasoning tasks. Attractor Models outperform frontier and specialized recursive models on hard reasoning tasks.
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1 Introduction
The modern language-modeling era has been dominated by Transformers (Vaswani et al., 2017), which produce
each token through a fixed feed-forward computation. This recipe has been extraordinarily successful (OpenAI,
2023; Gemini Team, 2023; Grattafiori et al., 2024; Anthropic, 2024; Guo et al., 2025), but it leaves a basic
question unresolved: should each token be the product of a single pass of computation, or should a model be
able to refine its latent prediction before committing to an output? A growing body of work suggests that
such refinement can be powerful. Chain-of-thought reasoning (Wei et al., 2023) can be viewed as one form of
such refinement, where a model writes intermediate tokens, feeds them back into its context, and uses them to
shape later predictions. Yet this routes computation through the discrete token channel and forces “thinking”
to be written down, even when the effect might be to merely refine internal representations.

This limitation has inspired several lines of work on latent (or implicit) thinking and a re-emergence of
architectural recurrence, which move thinking away from purely token-level generation. These include
universal Transformers (Dehghani et al., 2019), looped Transformers (Giannou et al., 2023a; Yang et al.,
2024a), recurrent-depth Transformers (Kohli et al., 2026), looped language models (Zhu et al., 2025c), latent
reasoning methods (Geiping et al., 2025a; Saunshi et al., 2025a), and continuous chain-of-thought approaches
(Hao et al., 2025; Mohtashami et al., 2023; Zhu et al., 2026). Looped architectures can, in principle, express
iterative or algorithmic procedures (Yang et al., 2024b; Giannou et al., 2023a), emulate additional depth
through weight sharing (Dehghani et al., 2019; Zhu et al., 2025c), reduce the context-length costs of token-level
reasoning, and improve downstream generalization (Labovich, 2026b; Fan et al., 2025). Empirically, recent
looped language models offer gains in language modeling and reasoning (Zhu et al., 2025c; Geiping et al.,
2025a), and tiny recursive models (Wang et al., 2025; Jolicoeur-Martineau, 2025) have shown that recurrence
can be useful in hard reasoning tasks in small-data regimes.

The challenge is that recurrence has proven difficult to use as a stable architectural building block. Recurrence
is often accompanied by unstable training, large memory requirements that grow linearly with the number of
recurrent steps, and significant, sequential compute (Geiping et al., 2025a; Zhu et al., 2025c; Prairie et al.,
2026). Training recurrent networks typically requires backpropagation through time (or, depth) and carefully
designed stabilization techniques; even then, latent-thinking models remain fragile and difficult to optimize
(Wei et al., 2025; Özeren and Aßenmacher, 2025; Deng et al., 2026, 2025; Rizvi-Martel et al., 2026). For
training, looped language models tend to require substantially more compute than comparable feed-forward
models and can become memory-limited at larger recurrence depths. For instance, Geiping et al. (2025a)
reports that training a recurrent model can consume raw FLOPs comparable to those of a feed-forward model
ten times larger. At the opposite end of the spectrum, specialized tiny recursive reasoners exhibit a troubling
“less is more” behavior and respond negatively to scaling: increasing model size can degrade or even collapse
performance (Jolicoeur-Martineau, 2025).

1.1 Contributions
In this work, we design a general-purpose architecture for iterative refinement that is (i) stable to train, (ii)
uses constant-memory in the number of refinement steps, (iii) is substantially cheaper to train than explicit
unrolling, (iv) is efficient during inference, and (v) achieves a strong performance across both large-scale
language modeling and hard reasoning with tiny models.

Refine outputs by solving the loop with Attractor Models. We introduce Attractor Models, a new family
of architectures that treat latent refinement as a fixed-point problem in the output embedding space. The
model first proposes an initial guess embedding using a non-recurrent backbone module (implemented as
a Transformer in ours). A separate, typically smaller, recurrent network then refines this guess (Figure 1).
Recent mechanistic analyses of looped language models demonstrate that, for the vast majority of tokens, the
recurrent trajectory converges to a fixed point (Blayney et al., 2026). We build directly on this observation
and instead of unrolling the loop for a predefined number of steps, we solve for the state to which the loop
converges, inspired by Deep Equilibrium Models (DEQ; (Bai et al., 2019)). The name Attractor Model comes
from dynamical systems, where an attractor is a set of states toward which a system evolves. In a sense,
Attractor Models can be viewed as thinking before producing each token: the backbone proposes an initial
latent prediction, the attractor module refines it to equilibrium, then decodes it into the output distribution.
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Attractor Models offer stable, constant-memory, efficient training, and adaptive refinement. Unlike
looped LMs, which finitely unroll the recurrent block, Attractor Models solve an equilibrium by treating the
prediction target as a fixed-point computation. The number of refinement steps is therefore chosen adaptively
according to convergence during both training and inference. We show that the memory cost during training
remains constant in the number of iterations; whereas standard looped language models have a linear scaling
increase with the number of loops. Our experiments demonstrate that the two-stage structure of Attractor
Models, in which the backbone proposes and the attractor refines, enables stable, efficient training and strong
performance.

Novel phenomenon: Equilibrium internalization. We observe that despite the fact that Attractor models are
trained only with the next-token prediction loss, they learn to make the solver unnecessary. During training,
the backbone’s initial prediction moves progressively closer to the fixed point, so fewer refinement steps
are needed to reach approximate equilibrium (c.f. Figures 6 and 7). We call this phenomenon equilibrium
internalization: the model appears to self-distill the iterative refinement process into its own initial output
embedding, through a form of automatic curriculum. In this sense, recurrence acts as a moving training
target, teaching the backbone where its computation should converge.

Strong performance in large-scale language modeling and hard reasoning with tiny models. Our experiments
show that Attractor Models scale across two regimes. In large-scale language modeling, Attractor Models
consistently outperform standard Transformers and stable looped language models across small (140M),
medium (370M), and large (770M) sizes, delivering a Pareto improvement (Figure 1). We show that our
models improve validation perplexity, out-of-distribution perplexity on Lambada (Paperno et al., 2016), and
downstream benchmark accuracy while using substantially less training compute than comparable looped
baselines. Notably, a 770M-parameter Attractor Model outperforms a 1.3B-parameter Transformer trained on
twice as many tokens. Compared to looped LM Parcae (Prairie et al., 2026), our models use up to 31% less
training compute, while avoiding the memory growth associated with explicit unrolling. In hard reasoning
tasks with tiny models, with only 27M parameters and approximately 1000 training examples, Attractor
Models achieve 91.4% accuracy on Sudoku-Extreme and 93.1% on Maze-Hard. In this regime, standard
Transformers as well as proprietary frontier models such as DeepSeek R1, Claude, and o3-mini fail completely
at 0%, while specialized recursive architectures underperform our model and collapse when scaled. Attractor
Models, in contrast, improve with scale.

2 Background: Looped Architectures
We begin with background on looped architectures. Let x = (x1, . . . , xn) ∈ Vn be an input sequence over
vocabulary V, and let d denote the model width. Looped models can be written as a composition of three
units: a prelude unit x̃ = P(x) ∈ Rn×d, which produces an input representation x̃ ∈ Rn×d; a weight-tied
recurrent unit ht+1 = R(ht, x̃), which is applied repeatedly to a latent state ht ∈ Rn×d for T steps; and a
coda unit, which maps the final latent state to output probabilities p = C(hT ) ∈ ∆(V)n. Importantly, looped
architectures commonly initialize the latent state at an uninformative value, such as h0 = 0 or Gaussian noise
h0 ∼ N (0, σ2I) (Geiping et al., 2025a; Prairie et al., 2026; Bai et al., 2019). Furthermore, the recurrent step
may use the input representation only at the first step (Zhu et al., 2025c). or at every recurrent step (Geiping
et al., 2025a; Prairie et al., 2026). Such injection may be through addition or concatenation with the recurrent
state.

Models such as Parcae (Prairie et al., 2026), Huggin (Geiping et al., 2025a), and Ouro (Zhu et al., 2025c)
differ mainly in how they train, stop, or scale this looped architecture. In particular, the recurrence depth
T is a central design choice in these models. It may be fixed (Jolicoeur-Martineau, 2025), sampled during
training (Geiping et al., 2025a; McLeish et al.; Prairie et al., 2026), or determined by an auxiliary halting
mechanism (Bae et al., 2025b; Zhu et al., 2025c). Training then minimizes an objective averaged over both
the data distribution and the chosen recurrence-depth mechanism, typically by backpropagation through
depth. Consequently, both training cost and gradient memory are tied to the number of recurrent steps.
Furthermore, changing T at inference introduces a train–test mismatch, since the model is evaluated under a
different computation graph than the one used during training, leading to degraded performance.
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Figure 2 Comparison of looped language models vs. Attractor Models. Looped language models repeatedly apply a
shared block for a finite number of steps before decoding the final state. In contrast, Attractor Models use a backbone
to produce an initial output embedding, then refine it with an attractor module until the fixed-point residual is small,
and decode the resulting approximate equilibrium.

3 Solve the Loop with Attractor Models
As discussed in the previous section, standard looped language models (Zhu et al., 2025c; Prairie et al., 2026)
use weight sharing to recurrently refine a hidden state that is initialized from an uninformative value and
based on input embeddings. Predictions are then read out after a finite number of loops (Prairie et al.,
2026), or once an auxiliary halting head becomes confident (Graves, 2017; Zhu et al., 2025c; Prairie et al.,
2026). This design carries three drawbacks: the loop count must be chosen at training time, training memory
grows linearly in the number of loops, and accuracy degrades when more loops are run at inference than
were seen during training (Zhu et al., 2025c). As a result, recurrence often comes with unstable training,
growing memory requirements, and large sequential compute, in some cases approaching the costs of training
non-recurrent models ten times larger (Geiping et al., 2025a).

Recent mechanistic analyses of looped language models (Blayney et al., 2026) reveals that for the vast majority
of tokens, the recurrent trajectory eventually converges to a fixed point. This suggests that the weight-tied
recurrent modules are often approximating an underlying fixed-point computation, doing so through the
recursive application of the weight-tied block truncated after T steps. This observation motivates the design
of Attractor Models, which we subsequently describe.

3.1 Attractor Model: Backbone and Attractor Modules
Motivated by the fixed-point behavior observed in looped models, we model recurrent refinement as an
attractor. Rather than training a model to produce good predictions after a prescribed number of recurrent
steps, we define the output as the equilibrium of the refinement process. Attractor Models consist of two
modules: the backbone module (typically a larger Transformer network) first proposes a meaningful initial
output embedding, and the attractor module (typically a smaller Transformer-based network) then refines this
proposal until convergence. This makes the number of refinement steps a solver choice rather than a fixed
architectural choice.

We first start by mapping the inputs x into input embeddings x̃ = E(x) ∈ Rn×d, where E denotes the tied
embedding/unembedding. Then, the input embedding is processed by the backbone and attractor modules as
described below.

The backbone module proposes an initial “guess ” output embedding. The backbone module Tθb
maps the

input embeddings to an initial proposal:

ỹ0 = Tθb
(x̃), where x̃ = E(x). (1)

We use ỹ0 as an initialization for the attractor module. Instead of initializing the loop from zero, noise, or an
input-side representation, Attractor Models initialize the recurrent computation from a state that is already
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Figure 3 Overview of Attractor Models. The backbone maps the input embeddings to an output-side proposal
ỹ0 = Tθb (E(x)). The attractor module then refines this proposal through the proposal conditioned iteration ỹt+1 =
Tθa (ỹt, ỹ0) until convergence to an approximate equilibrium ỹ⋆ or a maximum number of solver steps. The equilibrium
is decoded with the tied unembedding ỹ⋆E⊤.

a coherent prediction embedding. In practice, Tθb
is a relatively high-capacity causal Transformer, so the

refinement begins near a meaningful initialization rather than 0. We find that this makes training our method
stable compared to DEQ, which experiences a blow-up in the number of iterations used later in training;
whereas our method stabilizes later in training (c.f. Figure 6(b)).

The attractor module refines the output embedding. The attractor module is a separate weight-tied
refinement network Tθa

. Starting from the backbone proposal ỹ0, it repeatedly refines the output embedding
according to

ỹt+1 = Tθa(ỹt, ỹ0), where ỹ0 = Tθb
(x̃). (2)

Here, we persistently inject the initial guess ỹ0 at every refinement step. This persistent injection keeps the
attractor proposal-dependent and prevents it from collapsing to a proposal-independent fixed point. We ablate
this conditioning mechanism in Section 4. Importantly, we warm-start the attractor module at an informative
proposal ỹ0, in contrast to existing work that initialize the recurrent state at uninformative values such as
zero or Gaussian noise (Geiping et al., 2025a; Prairie et al., 2026); see Table 6 for a comparison.

Rather than rolling out recurrent steps to reach a fixed point, we directly solve for the convergence:

Aθa(ỹ⋆, ỹ0) := Tθa(ỹ⋆, ỹ0)− ỹ⋆ = 0 ⇒ ỹ⋆ = RootFind(Aθa(·, ỹ0); y0) . (3)

In the forward pass, we compute this equilibrium with a root finder initialized at the backbone proposal. In
our implementation, the RootFind algorithm uses Anderson acceleration, which combines a small window
of past iterates and residuals to reach the fixed point faster than plain recursion. The solver exits when
∥Aθa(ỹt, ỹ0)∥2/∥ỹt∥2 < ε or after Tmax steps. Thus, the computation is controlled by the convergence of the
residual rather than by a learned halting head or a preset loop count. In contrast to fixed unrolling, the
number of refinement steps can therefore vary at inference time without changing the model. Finally, the
equilibrium embedding is decoded with the tied unembedding.

Parameters of the Attractor Models consist of the tied embedding/unembedding matrices, the backbone
module, and parameters of the attractor module: θ := (θa, θb, E). Compared to looped models, Attractor
Models change both the starting point and the endpoint of recurrence: we initialize the loop from the output
guess from the backbone network ỹ0, and the decoded state is the attractor ỹ⋆ rather than a finite unroll.

3.2 Training and Inference of Attractor Models
We now describe the training procedure for Attractor Models. We first explain how to differentiate through
the fixed-point solver using implicit differentiation, and then show how the model is optimized with the
standard cross-entropy language-modeling loss applied to the output y⋆.

Backward pass and implicit differentiation. Because Attractor Models define the output embedding as the
solution to a fixed-point equation, we differentiate through the equilibrium using the implicit function theorem
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(Krantz and Parks, 2002b). Let L denote the training loss and let v = ∂L/∂ỹ⋆. Applying the implicit function
theorem to Aθa

(ỹ⋆, ỹ0) = 0 gives

∂L
∂θ

= u⊤ ∂Tθa
(ỹ⋆, ỹ0)
∂θ

, u =
(
I − J⊤

ỹ

)−1
v, where Jỹ = ∂Tθa

(ỹ, ỹ0)
∂ỹ

∣∣∣∣
ỹ=ỹ⋆

. (4)

The derivative with respect to θ = (θa, θb, E) includes the direct dependence on the attractor parameters θa,
as well as the dependence on the initialization ỹ0 = Tθb

(E(x)) through the backbone parameters θb and the
tied embedding parameters E.

Following prior work on implicit models (Geng et al., 2022; Fung et al., 2021), we use the one-step approximation
u ≈ v. This avoids the extra linear solve for u and reduces the backward pass to one vector–Jacobian product
through Aθa

. Since we do not backpropagate through every solver step, memory in the attractor block does
not grow with the number of forward iterations. In Section 4, we show that the Anderson solver yields only
marginal quality gains, whereas the one-step approximation enables substantially cheaper training.

Remark. Attractor Models are implicit equilibrium models in the spirit of DEQs (Bai et al., 2019), but
the equilibrium plays a different role. Classical DEQs replace the prediction network with a hidden-state
equilibrium z⋆ (single-layer), decoded with a separate output head. We instead keep a standard causal
Transformer backbone and add an equilibrium refinement block on top of its prediction state. The fixed point
lives directly in the tied embedding space, so every iterate {y0, y1, . . . , y⋆} is already a representation in the
output space that can be decoded. This gives three practical differences: (i) the solver is initialized from a
semantically meaningful proposal ỹ0 rather than from an uninformative state such as zero (as in DEQ), (ii)
inference can stop according to a residual tolerance ε rather than a fixed depth or learned halting head, and
(iii) DEQ shows that scaling the number of DEQ blocks can harm the performance of their method, whereas
we allow for an arbitrary depth backbone transformer and show that we can use a variable number of solver
blocks.

Algorithm 1 Training Attractor Models.
Require: input tokens x, parameters θ = (θa, θb, E), tolerance ε, max iterations Tmax

// Forward pass
1: x̃← E(x) ▷ tied token embedding
2: ỹ0 ← Tθb

(x̃) ▷ backbone proposal / initialization
3: Define Aθa

(ỹ; ỹ0)← Tθa
(ỹ, ỹ0)− ỹ

4: ỹ⋆ ← RootFind(Aθa(·; ỹ0); ỹ0, ε, Tmax)
5: p← Softmax(ỹ⋆E⊤) ▷ tied unembedding and softmax

// Backward pass, given v = ∂L/∂ỹ⋆

6: solve
(
I − J⊤

ỹ

)
u = v via RootFind

(
u′ 7→ (I − J⊤

ỹ ) u′ − v; u0 = v
)

7: ∂L/∂θ ← u⊤∂Tθa
(ỹ⋆, ỹ0)/∂θ

Training objective and inference. We train Attractor Models with the standard next-token prediction cross-
entropy objective applied to the fixed-point output y⋆. Inference reuses the same equilibrium computation.
Given an input sequence x, the backbone first produces the proposal ỹ0 = Tθb

(E(x)), the attractor solver
computes ỹ⋆, and the tied unembedding decodes ỹ⋆ into next-token probabilities. Peak memory is bounded by
a single forward through the attractor module and standard KV-caching applies in the backbone. In principle,
the solver tolerance ε and maximum iteration budget Tmax are inference-time hyperparameters: they can
be adjusted without retraining the model, turning test-time computation into a budget for approaching the
learned attractor. Interestingly, however, we find that trained Attractor Models often require very little
test-time refinement, as we describe in the next section.

3.3 Equilibrium Internalization and Stability in Attractor Models
Although Attractor Models define predictions through the equilibrium ỹ⋆, we observe a surprising phenomenon:
after training, the backbone proposal ỹ0 often lies close to the equilibrium (c.f. Figures 6 and 7). We refer to
this phenomenon as equilibrium internalization. Intuitively, the attractor module appears to act as a moving
teacher for the backbone, resulting in a form of automatic curriculum. Early in training, the proposal ỹ0 may
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be far from a good prediction, and the solver must perform nontrivial refinement to reach ỹ⋆. Since ỹ0 and
ỹ⋆ live in the same tied output-embedding space, gradients through the equilibrium also train the backbone
proposal to move toward the state that the solver would have found. Thus, when the backbone is sufficiently
expressive, much of the prediction work can be internalized into ỹ0, leaving the attractor to perform a stable
refinement.

Stability. Equilibrium training also biases the recurrent map toward convergent dynamics. The implicit
gradient contains the inverse factor (I − J⊤

ỹ )−1, which becomes ill-conditioned near non-contractive regimes.
This creates a barrier against unstable fixed-point dynamics, unlike fixed-loop training, which can learn
trajectories that are accurate only at a prescribed step count and fail under extra inference-time loops. We
discuss this contrast in detail in Appendix B.3. We refer to Appendix B for theoretical analysis of Attractor
Models and comparison with finite-loop models.

4 Experiments
We evaluate Attractor Models in two regimes. We first study language modeling across model sizes, comparing
against parameter-matched Transformers and looped-LM baselines. We evaluate scaling behavior, downstream
accuracy, and training efficiency. We also present results on hard reasoning tasks, where we test whether the
same fixed-point refinement mechanism improves small models on problems that require iterative computation.

4.1 Attractor Models Improve Large-Scale Language Modeling
Setup. We follow the nanochat (Karpathy, 2025) pretraining recipe used by Parcae (Prairie et al., 2026)
for its main Transformer comparison, training on FineWeb-Edu (Penedo et al., 2024). To ensure a fair
comparison, all models are matched in parameter count and trained with the same data budget, optimizer,
and learning-rate schedule as the Parcae baselines; the only change is the recurrent block. We compare at
three scales: 140M, 370M, and 770M parameters. Parcae is a middle-looped language model with prelude,
coda, and recurrent blocks. The stability in this model comes from a linear injection that bounds the spectral
radius of the recurrence below one. In contrast, our architecture uses standard Transformer blocks followed
by a fixed-point iteration block, and lets the solver itself control the effective depth. Detailed hyperparameter
settings are in Appendix C.

Parameter Scaling. We demonstrate how large-scale pretraining scales with our model. We evaluate our
method on 140M, 370M, and 770M parameters against a parameter-matched Transformer and Parcae, a
looped-language model (Prairie et al., 2026). Our model improves monotonically with scale. Across all three
sizes, our method achieves the best validation PPL, Lambada PPL, and CORE accuracy. These results show
that our fixed-point refinement scales cleanly with model size, with especially large gains on Lambada, where
iterative refinement substantially improves long-context prediction.

Table 1 Parameter scaling results on large-scale language modeling. Our Attractor Model outperforms standard
Transformers and looped model Parcae on nearly every benchmark. Our 770M model performs comparably to a
standard Transformer with nearly twice as many parameters and trained on twice as many tokens. Arrows indicate
the relative improvement over the parameter-matched standard Transformer baseline. Arrows indicate the relative
improvement over the parameter-matched Transformer baseline.

Size Model Val. PPL ↓ Lambada PPL ↓ Core ↑ Core-Ext. ↑
140M Transformer 21.48 127.39 13.00 ± 0.15 8.80 ± 0.21

Parcae 19.06 80.64 14.04 ± 0.20 9.67 ± 0.28
Attractor Model (ours) 18.30 ↓14.8% 68.02 ↓46.6% 14.59± 0.11 ↑12.2% 10.03± 0.05 ↑14.0%

370M Transformer 15.79 40.77 17.46 ± 0.03 11.71 ± 0.22
Parcae 14.49 32.74 20.00 ± 0.06 12.75± 0.31

Attractor Model (ours) 14.03 ↓11.1% 27.14 ↓33.4% 20.24± 0.09 ↑15.9% 12.64 ± 0.33↑7.9%
770M Transformer 13.08 22.37 22.42 ± 0.20 14.20 ± 0.63

Parcae 12.49 19.71 25.07 ± 0.33 15.19 ± 0.43
Attractor Model (ours) 12.09 ↓7.6% 15.21 ↓32.0% 26.83± 0.29 ↑19.7%15.42± 0.51 ↑8.6%

1.3B Transformer 11.95 17.26 25.45 ± 0.08 15.90 ± 0.23
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Training efficiency: Lower FLOPs. The one-step IFT backward pass keeps training memory constant in the
number of solver iterations. The memory of standard looped language models like (Prairie et al., 2026) scales
linearly with the number of loops. The total training FLOPs (Figure 4) follow the same trend: although every
step of our recurrent block costs roughly the same as Parcae’s, our solver typically converges below ε in well
under Tmax steps, so the realized depth during training is lower despite identical Tmax, yielding 25–31% lower
training FLOPs across scales.
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Figure 4 Training-time efficiency. Despite being a looped architecture, our method uses 25–31% fewer FLOPs
than Parcae because the fixed-point solver often converges before Tmax and the backward pass uses the one-step
implicit-gradient approximation.

Training efficiency: O(1) memory. An ad-
ditional advantage of our method is that the
training memory required stays constant with
the number of iterations (Figure 5). This is be-
cause our implicit backward pass does not need
to store the intermediate activations from every
recurrent step. In contrast, standard looped
language models must backpropagate through
each unrolled iteration, causing memory usage
to grow linearly with the number of loops.
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Figure 5 Peak training memory versus recurrent depth.
Attractor Models keep memory nearly constant, while
Parcae’s memory grows with the number of loops.

Result: Attractor Models deliver Pareto improvement on large-scale language modeling.

Across model sizes, Attractor Models outperform parameter-matched Transformers and stable looped
baselines on perplexity and downstream accuracy, while using substantially less training compute and
memory than looped models. Notably, the 770M Attractor Model reaches the quality regime of a 1.3B
Transformer trained on twice as many tokens.

4.2 Attractor Models Lead to Significant Gains in Hard Reasoning Tasks
Beyond language modeling, we train and evaluate Attractor Models on Sudoku-Extreme and Maze-Hard
from (Wang et al., 2025; Jolicoeur-Martineau, 2025): two challenging reasoning benchmarks, where non-
recurrent Transformers and most frontier LLMs fail.

Setup. We train small models with approximately 1000 training examples for each task and require predicting
the full output grid in a single direct forward pass (no autoregressive decoding). We follow the TRM training
protocol (Jolicoeur-Martineau, 2025), using deep-supervision steps.

Method. TRM carries two latents across deep-supervision steps, a current answer y and a reasoning state z,
and applies a tiny two-layer network T (n+1) times per step to update them. We keep this protocol except for
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the inner update. Specifically, instead of unrolling T (n+1) applications, we solve directly for the fixed point
of the (y, z) update with our solver. The initialization is handled by deep supervision itself: the previous
step’s (y, z) initializes the solver at the next step, with a learned embedding at step zero, so we do not use a
separate backbone.

We present our results in Table 2. The fixed-depth Transformer fails on both tasks. HRM (27M) achieves
55.0% and 74.5%, respectively on Sudoku-Extreme and Maze-Hard. TRM is the strongest tiny baseline at 7M,
achieving 74.7% and 85.3%, but (counter to the goal of scaling) collapses to 0% on both tasks when scaled
to 27M parameters. Our model scales naturally with parameter count. We attribute the difference to the
explicit fixed-point objective, which appears to provide regularization that bare iterative refinement lacks at
higher capacity.

For the backward pass, we use the phantom-gradient scheme (Geng et al., 2022) rather than the one-step
approximation used in the language-modeling experiments. This choice is important in the small-data
reasoning regime: with only ∼1,000 training examples and much smaller networks, the solver dynamics are
more sensitive, and the one-step surrogate can provide too crude a training signal. This is consistent with
TRM, which reports that replacing its backward pass with a one-step approximation reduces Sudoku-Extreme
accuracy from 87.4% to 56.5% (Jolicoeur-Martineau, 2025).

Table 2 Small model and sample training results on Sudoku-Extreme and Maze-Hard. Our Attractor Models improve
when scaling the parameter count, compared to standard tiny recursive models which degrade.

Method # Parameters Sudoku-Extreme ↑ Maze-Hard ↑
Deepseek R1 671B 0.0% 0.0%
Claude 3.7 ? 0.0% 0.0%
O3-mini-high ? 0.0% 0.0%
Transformer 27M 0.0% 0.0%
HRM 27M 55.0% 74.5%
TRM 7M 74.7% 85.3%
TRM 27M 0.0% 0.0%
Attractor Model (ours) 7M 54.3% 46.7%
Attractor Model (ours) 27M 91.4% 93.1%

This setup is still an instance of our Attractor Model framework, where an output-space representation is
iteratively refined to an equilibrium, decoded, and differentiated through implicitly. The only difference is the
initialization mechanism. Rather than a Transformer backbone producing ỹ0 from the input, deep supervision
supplies the initialization. Specifically, the previous supervision step’s (y, z) initializes the solver at the next
step, with a learned embedding at step zero.

Result: Attractor Models scale where recursive reasoners collapse.

In hard reasoning tasks, existing recursive architectures can degrade as model capacity increases.
Attractor Models avoid this failure mode. With only 27M parameters and ∼1,000 training examples,
our model reaches 91.4% accuracy on Sudoku-Extreme and 93.1% on Maze-Hard, outperforming both
frontier LLMs and specialized recursive baselines.

4.3 Equilibrium Internalization and Test-Time Behavior
Fixed-point convergence. Figure 6 visualizes convergence in two complementary ways. First, we project the
trajectory of the final-position representation onto its first two principal components over 16 iterations. Our
method rapidly contracts to a fixed point: iterations 8–16 collapse onto a single attractor. Parcae also moves
toward a stable state, but does so more slowly; its trajectory remains noisier and continues to drift through
later recurrences. This suggests that while finite-loop language models can exhibit fixed-point-like behavior,
explicitly training the loop as a fixed-point problem produces faster and cleaner convergence. Second, we
track the number of solver iterations required during training. The DEQ baseline requires increasingly many
iterations as optimization progresses, consistent with the observations in the original work (Bai et al., 2019).
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In contrast, Attractor Models rapidly converge to the minimum iteration count and remain stable. This
behavior provides evidence for equilibrium internalization, where optimization shifts work from the iterative
solver into the backbone proposal.
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Figure 6 Convergence behavior of Attractor Models compared to existing methods. Left: PCA projection of the
residual stream at the final sequence position over 16 iterations. Right: DEQ baseline requires increasingly many
solver iterations during training, whereas Attractor Models rapidly settles to the minimum iteration count and remains
stable.

Test-time iterations vs. quality. In Figure 7, we report validation perplexity, CORE accuracy, and CORE-
Extended accuracy as we vary the number of inference iterations T while holding training fixed. For Parcae,
quality improves monotonically from T = 1 until it plateaus near T = 8, indicating that the model relies on
repeated test-time refinement. In contrast, our method reaches peak performance at T = 1 at every scale, and
even T = 0 (decoding the backbone proposal ỹ0 directly through the tied unembedding) is already at or near
the converged value.

We attribute this behavior to equilibrium internalization: during training, the backbone learns to produce
a proposal ỹ0 that already lies close to the fixed point that the solver would otherwise compute through
iteration. Thus, the iterative block still shapes the learned representation during training, but at inference
time the model has largely internalized the result of that refinement into its backbone initialization. Strikingly,
the backbone-only readout at T = 0 is already stronger than larger standard Transformers trained without
attractor assistance, and matches or exceeds finite-loop baselines that require many test-time recurrences.
Concretely, our 140M model at T = 0 (no solver) matches or improves Parcae 140M at T = 8 recurrent steps;
the same pattern holds at 370M and 770M.
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Figure 7 Validation perplexity on FineWeb-Edu, Lambada, CORE accuracy, and CORE-Extended accuracy as a
function of test-time iterations T . Parcae’s quality improves monotonically up to T ≈ µrec = 8. Our method is
essentially converged at T = 1 (and at T = 0 for the 770M model), because the solver is initialized at ỹ0, which is itself
a coherent prediction.
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Takeaway: Attractor Models internalize equilibrium.

Attractor Models learn to initialize a prediction near the fixed point, so inference is effectively converged
before any explicit refinement step. As a result, they preserve the benefits of iterative computation during
training while avoiding the need for many sequential iterations at test time, unlike standard looped models
whose quality depends on repeated inference-time updates.

4.4 Ablations
For the ablations, we use a 60.3M-parameter version of our model trained on 1B tokens of FineWeb-Edu under
the same nanochat configuration. All ablation runs share the same data stream, tokenizer, and optimizer;
only the ablated component varies.

We isolate the contribution of (i) the location of the equilibrium and its initialization (Table 3), (ii) the
additive injection of c (Table 4), (iii) and the one-step backward approximation (Table 5). All ablations
train a 60.3M-parameter model on 1B tokens of FineWeb-Edu under the same nanochat setup, with all other
hyperparameters fixed.

Comparison to DEQ. Table 3 compares Attractor Models against a parameter-matched DEQ (Bai et al., 2019).
The DEQ baseline solves for a hidden-state equilibrium initialized from an uninformative state and decodes
it with a separate output head. Tying the unembedding closes part of the gap (Val. PPL 42.18 → 38.74),
but the largest improvement comes from matching the equilibrium to the design of Attractor Models: the
fixed point is placed directly in the tied output-embedding space and the root finder is initialized from the
backbone proposal ỹ0 = Tθb

(E(x)) (→ 34.05).

This proposal gives the solver a meaningful, input-dependent starting point rather than requiring the recurrent
block to construct the representation from scratch. As a result, the Attractor Model reaches the same residual
tolerance in 1.7× fewer iterations while also achieving lower perplexity. We view this as evidence of equilibrium
internalization: the backbone learns to produce an output-side proposal ỹ0 that already lies close to the
eventual equilibrium ỹ⋆, making the subsequent attractor refinement both easier and faster.

Table 3 Comparison to DEQ at matched parameter count.

Method Size Equilibrium Val. PPL ↓ Avg. Iters ↓ Core ↑
DEQ (Bai et al., 2019) 60.3M hidden (z0 = 0, sep. head) 42.18 14.6 5.21 ± 0.14
DEQ + tied unemb. 60.3M hidden (z0 = 0) 38.74 13.9 5.83 ± 0.12
Attractor Model 60.3M output emb. (ỹ0 = Tθb (E(x))) 34.05 8.4 6.74± 0.10

Proposal injection. Table 4 ablates how the backbone proposal ỹ0 is provided to the attractor. We use
proposal injection to denote how ỹ0 enters the recurrent refinement map, and persistent injection to denote
providing ỹ0 at every refinement step rather than only through the initial state.

When the proposal is used only for initialization, ỹt=0 = ỹ0 and ỹt+1 = Tθa
(ỹt), the recurrent update

no longer depends on the input after the first state. Consequently, the fixed point can become proposal-
independent, and only 12.4% of validation tokens converge within Tmax. Persistent injection by concatenation,
ỹt+1 = Tθa([ỹt; ỹ0]), restores proposal-dependence and recovers much of the quality, but makes the refinement
problem harder: convergence is slower (11.2 vs. 8.4 average iterations) and perplexity is worse (36.81 vs.
34.05). Additive proposal injection, ỹt+1 = Tθa

(ỹt, ỹ0), provides the backbone proposal at every step while
keeping the refinement map simple and well-conditioned, yielding the best results across all three metrics.

Table 4 Effect of input injection on convergence and quality.

Injection of c Val. PPL ↓ Avg. Iters ↓ % Converged ↑
Initial only (ỹ0, no re-injection) 51.92 Tmax 12.4%
Concatenation: Aθa ([ỹt; ỹ0]) 36.81 11.2 88.6%
Additive (ours): Aθa (ỹt + ỹ0) 34.05 8.4 99.7%
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Backward pass. In table 5, we compare the one-step backward approximation against full implicit differentia-
tion (Anderson on the linear system (I − J⊤

ỹ )u = v) and the phantom gradient (Geng et al., 2022) unroll.
Full IFT improves PPL by only 0.14 while increasing peak training memory by 4.8× and step time by 2.7×;
phantom gradient lies in between. The one-step approximation allows relatively cheap training cost while
maintaining nearly all of the original performance of a full backward gradient computation.

Table 5 Ablation for running the full IFT gradients, phantom gradients, and the one-step approximation.

Backward Pass Val. PPL ↓ Train Mem. ↓ Step Time ↓ ∆ vs. Full
Full IFT (Anderson on u) 33.91 4.8× 2.7× —
Phantom gradient (k=3) (Geng et al., 2022) 34.02 1.8× 1.4× +0.11
Ours: one-step (u≈v) (Fung et al., 2021) 34.05 1.0× 1.0× +0.14

Takeaway: One-step gradient approximation is sufficient for Attractor Models

Using the one-step gradient approximation enables efficient training, while maintaining nearly all of the
quality of using full backward gradients.

Initialization ablation. Table 6 isolates the effect of the solver initialization. Starting the attractor solve from
an uninformative state, either zero or Gaussian noise, substantially degrades both quality and convergence. In
contrast, initializing from the backbone proposal ỹ0 = Tθb

(E(x)) gives the solver a meaningful output-side
starting point, yielding lower perplexity, fewer iterations, and higher downstream accuracy. This supports our
hypothesis that the refinement should begin near a coherent prediction embedding rather than constructing
one from scratch.

Table 6 Effect of attractor solver initialization. Initializing from the backbone proposal ỹ0 clearly outperforms
uninformative zero or Gaussian noise initialization.

Initialization Val. PPL ↓ Avg. Iters ↓ % Converged ↑ Core ↑
Zero: ỹinit = 0 43.87 14.8 71.3% 5.42 ± 0.13
Gaussian: ỹinit ∼ N (0, σ2I) 41.26 13.6 78.9% 5.71 ± 0.11
Backbone proposal: ỹinit = ỹ0 34.05 8.4 99.7% 6.74± 0.10

5 Conclusion and Future Work
In this work, we propose Attractor Models, a new family of architectures that first produce meaningful
prediction embeddings and then refine them through an attractor module by solving for a fixed point. This
formulation makes recurrent refinement stable, memory-efficient, and adaptive, while avoiding the cost of
explicit unrolling and achieving strong results across both large-scale language modeling and hard reasoning
with tiny models. In stark contrast to prior looped language models, training Attractor Models gives rise to
equilibrium internalization: the model learns to make the very refinement procedure that trained it largely
unnecessary at inference time. Interesting directions for future work is to further study the equilibrium
internalization phenomenon and the differences between Attractor Models and finite-loop recurrence.
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A Related Work
Looped and recurrent language models. Weight-tied recurrence has re-emerged as an alternative to deeper
feed-forward stacks (Press and Wolf, 2017; Inan et al., 2017; Łukasz Kaiser and Sutskever, 2016; Lan et al.,
2020; Dabre and Fujita, 2018; Takase and Kiyono, 2023; Bae et al., 2025a). Universal Transformers share a
single block across depth (Dehghani et al., 2019; Sapunov, 2026a,b), while looped and recurrent language
models iterate a recurrent update on a hidden state to enable latent reasoning (Zhu et al., 2025c; Prairie
et al., 2026; Geiping et al., 2025a; Bae et al., 2025b; Zheng et al.; Zhang et al.; Song et al., 2026a; Knupp
et al., 2026a; Zeitoun et al., 2026a; McLeish et al.; Zheng et al., 2026; Zhang et al., 2026; Song et al., 2026b;
Moosa et al., 2026; Knupp et al., 2026b; Wu et al., 2025; Zeitoun et al., 2026b; Pappone et al., 2025; Rauba
et al., 2026; Zeng et al., 2026; Tur et al., 2026; Komisarczyk et al., 2026; Ghugare et al., 2026; Cameron et al.,
2026; Williams and Tureci, 2026; Han, 2026; Goyal et al., 2026; Tang et al., 2026). Latent (implicit) reasoning
methods such as Coconut (Hao et al., 2025) and related methods (Teoh et al., 2025; Chen et al., 2025; Xu and
Sato, 2026; Jeddi et al., 2026; Fu et al., 2026; Zhou et al., 2025; Geiping et al., 2025b; Hu et al., 2025; Fleuret,
2025) perform reasoning in continuous representation space rather than through chain-of-thought tokens.
These approaches unroll the loop for a fixed number of steps at training time, causing training memory to
grow linearly in depth, coupling inference iterations to training, and often degrading quality when iterations
are extended at test time (Zhu et al., 2025c). From theoretical and mechanistic analysis perspectives, looped
and continuous thinking models have shown to offer benefits over non-recurrent models (Yang et al., 2024a;
Labovich, 2026b; Saunshi et al., 2025a; Xu and Sato, 2025a; Saunshi et al., 2025b; Giannou et al., 2023b;
Yang et al., 2024c; Gatmiry et al., 2024b; Huang et al., 2025; Xu and Sato, 2025b; Merrill and Sabharwal,
2025; Labovich, 2026a; Zhu et al., 2025b,a; Gatmiry et al., 2024a; Merrill and Sabharwal, 2026). Mechanistic
analysis shows that the recurrent updates of looped LMs in fact converge to a fixed point for the vast majority
of tokens, directly motivating our formulation (Blayney et al., 2026).

Implicit fixed-point models. Deep Equilibrium Models (DEQs) replace finite unrolling with a fixed-point
equation z⋆ = fθ(z⋆, x) and train through it via implicit differentiation, decoupling effective depth from
training memory (Bai et al., 2019). Solvers typically use Anderson acceleration (Anderson, 1965), with
backward passes ranging from full implicit differentiation to cheap surrogates such as one-step (Fung et al.,
2021) and phantom (Geng et al., 2022) gradients. Standard DEQs solve for a hidden state initialized from zero
and decode through a separate output head. In Attractor Models, the equilibrium instead lives in the tied
output-embedding space and is warm-started from a meaningful backbone prediction; we find this structure
essential for stable training at language-modeling scale and show it gives rise to equilibrium internalization
(Section 4.3).

Tiny recursive reasoners. On small-data algorithmic benchmarks such as Sudoku and maze solving, hierarchical
and tiny recursive networks (HRM, TRM) (Wang et al., 2025; Jolicoeur-Martineau, 2025) achieve strong
accuracy with few parameters, but exhibit a “less is more” behavior where performance collapses as model
size grows (Jolicoeur-Martineau, 2025). Attractor Models retain the iterative-refinement benefit of these
architectures while scaling cleanly with parameter count).

Positioning. Looped LMs couple three quantities through unrolled BPTT: inference depth, training depth,
and training memory (Zhu et al., 2025c). Attractor Models decouple all three: the equilibrium is defined
by a residual equation in output-embedding space, the number of solver evaluations is chosen adaptively
by tolerance ε, and training memory in the recurrent block is constant in effective depth. Empirically, this
combines the strengths of feed-forward and recurrent models—better perplexity than parameter-matched
Transformers, 25–31% lower training FLOPs and constant memory relative to looped LMs, and clean scaling
on hard reasoning where specialized recursive networks collapse.

B Theory of Looped and Attractor Models

B.1 Well-posedness and the implicit gradient

Fix an input x and parameters θ. Throughout this section, we write F (y) ≜ fθ(y, E(x)) for brevity, so that
the fixed-point equation y⋆ = fθ(y⋆, E(x)) becomes y⋆ = F (y⋆). Let JF (y) ≜ ∂F/∂y denote the Jacobian of
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F with respect to its state input. We work in a generic norm ∥ · ∥ on RL×d and its induced operator norm; for
concreteness, can take both to be Frobenius and spectral, respectively. Assumptions are borrowed from (Bai
et al., 2020; Krantz and Parks, 2002a).

Assumption 1 (Local contraction). There exist a point ȳ ∈ RL×d, a radius r > 0, and a constant L ∈ [0, 1)
such that

1. F maps the closed ball Br(ȳ) ≜ {y : ∥y − ȳ∥ ≤ r} into itself, and

2. F is L-Lipschitz on Br(ȳ):

∥F (y)− F (y′)∥ ≤ L ∥y − y′∥ for all y, y′ ∈ Br(ȳ).

When F is continuously differentiable, a sufficient form of (ii) is supy∈Br(ȳ) ∥JF (y)∥ ≤ L.

Theorem 1 (Well-posedness and implicit gradient). Under Assumption 1, the following hold.

1. Existence and uniqueness: There is a unique y⋆ ∈ Br(ȳ) with y⋆ = F (y⋆).

2. The picard iteration converges linearly: For any y0 ∈ Br(ȳ), the iterates yk+1 = F (yk) remain in Br(ȳ)
and satisfy

∥yk − y⋆∥ ≤ Lk ∥y0 − y⋆∥. (5)

3. Validity of the implicit gradient: If F is continuously differentiable on Br(ȳ), then I−JF (y⋆) is invertible,
y⋆ depends continuously differentiably on θ in a neighborhood of the current parameters, and

∂y⋆

∂θ
=

(
I − JF (y⋆)

)−1 ∂fθ

∂θ

∣∣∣∣
y⋆

. (6)

Proof. Parts (i) and (ii) follow from the Banach fixed-point theorem applied to the contraction F on the
closed (hence complete) ball Br(ȳ) ⊂ (RL×d, ∥ · ∥).

For (iii), Lipschitz continuity with constant L gives ∥JF (y⋆)∥ ≤ L < 1, so the spectral radius satisfies
ρ(JF (y⋆)) ≤ ∥JF (y⋆)∥ < 1. The Neumann series

∑
k≥0 JF (y⋆)k therefore converges to (I − JF (y⋆))−1, and

in particular I − JF (y⋆) is invertible. Define G(y, θ) ≜ fθ(y, E(x))− y, which is C1 in both arguments and
satisfies G(y⋆, θ) = 0 with

∂G

∂y

∣∣∣∣
y⋆

= JF (y⋆)− I, (7)

which is invertible. The implicit function theorem applied to G = 0 yields a unique C1 map θ 7→ y⋆(θ) in a
neighborhood of the current parameters, with

∂y⋆

∂θ
= −

(
∂G

∂y

)−1
∂G

∂θ
=

(
I − JF (y⋆)

)−1 ∂fθ

∂θ

∣∣∣∣
y⋆

. (8)

Equation (6) is exactly the gradient computed in the backward pass of Section 3. The linear solve is convergent
for the same reason: since ∥J⊤

F (y⋆)∥ = ∥JF (y⋆)∥ ≤ L < 1, the Neumann iteration u← J⊤
F (y⋆) u + v converges

geometrically with rate L to the unique solution u = (I − J⊤
F (y⋆))−1v.
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B.2 Looped language models are fixed-point iterators
A LoopLM (Zhu et al., 2025c) of depth T with the same weight-tied block fθ and warm start y0 = E(x)
produces

yloop
T ≜ F (T )(E(x)

)
= F ◦ F ◦ · · · ◦ F︸ ︷︷ ︸

T times

(
E(x)

)
. (9)

This is exactly T Picard iterations of our residual gθ(·, x) warm-started from the input embedding. See the
following corollary:

Corollary 1 (LoopLM as a truncated approximation). Suppose Assumption 1 holds and the warm start
E(x) ∈ Br(ȳ). Then for every T ≥ 0,

∥yloop
T − y⋆∥ ≤ LT ∥E(x)− y⋆∥. (10)

In particular, yloop
T → y⋆ as T →∞, and the discrepancy between a LoopLM of depth T and our model decays

geometrically in T .

Proof. Apply Theorem 1(ii) with y0 = E(x).

Two consequences are worth highlighting:

The limit: Our fixed-point model is the T →∞ limit of LoopLM with shared parameters. Training a LoopLM
at any finite depth T implicitly trains an approximation to the same equilibrium y⋆, with the approximation
error controlled by (10).

The iteration count at inference: Picard iteration converges at the linear rate L. Our forward pass uses
Anderson acceleration, which under standard regularity conditions converges superlinearly near y⋆ (Anderson,
1965). To reach a target residual tolerance ε, the root finder therefore typically requires fewer evaluations of
fθ than the unroll depth T a LoopLM would need for a comparable residual. The exact crossover depends on
L and on the solver hyperparameters.

Caveat: Assumption 1 is local and is not guaranteed to hold for an arbitrarily trained transformer block.
In our experiments, we generally notice that ∥JF (y⋆)∥ ≤ L < 1, the authors of DEQ also find that using a
regularizer on the Jacobian to enforce this helps (Bai et al., 2021).

B.3 Where looped language models fall short
B.3.1 Attractor Models

The initialization ỹ0 and the fixed point ỹ⋆ live in the same tied output-embedding space, so either can be
decoded by the unembedding E⊤. The loss depends only on ỹ⋆, and the implicit gradient with respect to the
backbone parameters is

∇θb
L = u⊤Jỹ0 ∇θb

ỹ0, u = (I − J⊤
ỹ )−1v.

Thus, the loss may be viewed as a function of the backbone’s output embedding: perturbations in ỹ0 affect L
by perturbing ỹ⋆ in the same space. The backbone is therefore optimized as a standalone next-token predictor
whose embedding is decoded by E⊤.

When the backbone has strictly greater capacity than the weight-tied attractor, the joint optimum places the
prediction work in the backbone. Consequently, ỹ0(x; θ⋆

b ) approaches the loss-minimizing embedding. The
fixed-point constraint

Tθ⋆
a
(ỹ⋆, ỹ0) = ỹ⋆

is then consistent only when ỹ⋆ = ỹ0, yielding

Tθ⋆
a
(ỹ0, ỹ0) = ỹ0.
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B.3.2 Standard looped LMs

In standard looped language models, the latent initialization h0 is uninformative, typically zero or noise,
and occupies the role of a hidden state rather than an output embedding. Decoding h0E⊤ is therefore not
meaningful.

Gradients instead flow by backpropagation through time along the unrolled trajectory (h0, . . . , hT ). There
is no term in this gradient that drives h0 toward the loss-bearing final state hT in embedding distance: the
initialization is fixed by the architecture and is not produced by a separately trained predictor.

B.3.3 Implicit-Gradient Barrier

The implicit gradient
∇θL∞ = v⊤(I − J⊤

g )−1∂θg

contains the factor (I − Jg)−1. This inverse is undefined when 1 ∈ σ(Jg), and its operator norm scales as

∥(I − Jg)−1∥ ∼ dist(1, σ(Jg))−1

near such a singularity.

Along any continuous gradient-descent path, the eigenvalues of Jg(y⋆; θ) vary continuously. Therefore, for the
dominant eigenvalue to leave the unit disk through +1—the canonical loss-of-contraction route for residual
iteration maps—it must approach 1. This forces ∥(I − Jg)−1∥ → ∞.

Unless v is orthogonal to the offending eigendirection, a codimension-one and hence non-generic condition, the
gradient norm diverges. The descent step therefore blows up before the boundary can be crossed, confining θ
to the contractive region {ρ(Jg) < 1}.

For exits through complex eigenvalues, the same conclusion holds under the one-step JFB approximation,
since the truncated Neumann series ∑

k

(J⊤
g )k

diverges as ρ(Jg)→ 1.

B.3.4 Interpretation

Fixed-loop training has no inherent mechanism that favors contractive iterations. An optimum in which gθ

perturbs the embedding for K steps and only happens to land accurately at step K is a valid fixed-loop
solution. These are precisely the solutions that fail when extra loops are run at inference.

Equilibrium training cannot reach such solutions, because the implicit gradient creates a barrier of diverging
gradients around non-contractive regions. As a result, the trajectory of θ is confined to the regime in which
the solver converges, the one-step gradient is a descent direction, and additional iterations remain stable.

The mechanistic observation (Blayney et al., 2026) that fixed points emerge only late in standard looped
training is consistent with this picture: the loss landscape contains a basin near contractive solutions, but
only equilibrium training applies pressure toward that basin from the beginning of training.
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C Hyperparamter and Experimental Settings
We use NVIDIA H200 GPUs for all of our experiments.

Table 7 Architecture hyperparameters for each model family and scale.

Transformer Parcae Attractor Model

Hyperparameter 140M 370M 770M 140M 370M 770M 140M 370M 770M

dmodel 768 1024 1280 768 1024 1280 1024 1280 1280
dff 3072 4096 5120 3072 4096 5120 4096 5120 5120
Attention heads 6 8 10 6 8 10 8 10 10

Total layers 6 12 18 6 12 18 8 17 37
Prelude — — — 2 4 6 7 15 35
Core (recurrent) — — — 2 4 6 1 2 2
Coda — — — 2 4 6 0 0 0

Mean recurrence T 1 1 1 8 8 8 (solver-determined)

Sequence length 2048
Vocab size 32768
Tie embeddings ✓

Norm RMSNorm (ϵ = 10−5)
Activation ReLU2

QK-norm ✓

Precision bf16-mixed

Table 8 Fixed-point solver hyperparameters for Attractor Model. Parcae and Transformer do not use a solver.

Hyperparameter 140M 370M 770M

Forward solver Anderson Anderson Anderson
Max iterations (fwd) 64 64 32
Min iterations (fwd) 6 8 6
Tolerance (fwd) 3 × 10−4 2 × 10−4 1.5 × 10−4

Anderson m 5 5 5
Anderson β 1.0 1.0 0.96

Backward type one-step IFT one-step IFT Anderson
Max iterations (bwd) 64 64 32
Min iterations (bwd) 6 6 6
Tolerance (bwd) 3 × 10−4 2 × 10−4 1.5 × 10−4

Adjoint grad clip — — 2.0

Layer-scale init (γ0) 0.75 0.75 0.73
γmax 0.75 1.0 0.9
FP LR scale 0.5 0.4 0.4
FP weight decay 0.1 0.1 0.1
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Table 9 Training hyperparameters. All three model families share the same optimizer, schedule, and data configuration
at each scale. Differences are noted where they occur.

Hyperparameter 140M 370M 770M

Training tokens 11.2B 29.6B 61.6B
Dataset FineWeb-Edu 100B (shuffled)
Tokenizer BPE, 32768 vocab

Optimizer MuonAdamW
AdamW LR 8 × 10−3 8 × 10−3 5–6 × 10−3†

AdamW (β1, β2) (0.8, 0.95)
AdamW ϵ 10−10

AdamW weight decay 0
Muon LR 8 × 10−3 8 × 10−3 6–8 × 10−3†

Muon momentum 0.95
Muon weight decay 0.2 (linear decay to 0)
Muon NS steps 5

LR schedule Trapezoid (0% warmup, 50% cooldown)
Min LR 0
Gradient clipping 1.0

Global batch size (tokens) 524K (= 256 × 2048)
Micro batch size 32 32 8–32†

Gradient checkpointing ✗ ✗ model-dependent‡

torch.compile ✓⋆ ✓⋆ ✓⋆

Strategy DDP

Init strategy scaled-zero + orthogonal
Seed 42

†At 770M, Attractor Model uses AdamW LR 5 × 10−3 and Muon LR 6 × 10−3; Transformer/Parcae use 6 × 10−3 / 8 × 10−3.
‡Gradient checkpointing enabled for 770M Attractor Model and Parcae; disabled for Transformer.
⋆torch.compile enabled for Transformer and Parcae; disabled for Attractor Model (implicit-gradient hooks are not
compile-compatible).

Table 10 Parcae recurrence hyperparameters.

Hyperparameter 140M 370M 770M

Injection type diagonal
State init like-init
Mean recurrence 8 8 8
Mean backprop depth 4 4 4
Sampling scheme poisson-truncated-full
Iteration method per-sequence
Prelude norm ✓
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